Abstract. We construct new integrable coupled systems of N = 1 supersymmetric equations and present integrable fermionic extensions of the Burgers and Boussinesq equations. Existence of infinitely many higher symmetries is demonstrated by the presence of recursion operators. Various algebraic methods are applied to the analysis of symmetries, conservation laws, recursion operators, and Hamiltonian structures. A fermionic extension of the Burgers equation is related with the Burgers flows on associative algebras. A Gardner's deformation is found for the bosonic super-field dispersionless Boussinesq equation, and unusual properties of a recursion operator for its Hamiltonian symmetries are described. Also, we construct a three-parametric supersymmetric system that incorporates the Boussinesq equation with dispersion and dissipation but never retracts to it for any values of the parameters.
Introduction. In this paper we construct new integrable coupled boson+fermion systems of N = 1 supersymmetric equations and present fermionic extensions for the Burgers and Boussinesq equations. The integrability of new systems is established by finding weakly non-local [2, 14, 22] recursion operators for their symmetry algebras or by describing Gardner's deformations [18, 6, 12] . We find three integrable N = 1 supersymmetric analogues of the KdV equation. Also, we relate a fermionic extension of the Burgers equation with the Burgers equations on associative algebras [20] . We apply algebraic methods [9] to the study of geometry of supersymmetric PDE, and we use the SsTools package [8] for the computer algebra system Reduce in practical computations.
First we deal with generalizations of the Burgers equation, which describes the dissipative nonlinear evolution of rarified gas. We consider the bosonic super-field version of the Burgers equation and construct two infinite sequences of its symmetries; the sequences correspond to even and odd 'times' along the flows. Next, we analyze a family of fermionic extensions for the Burgers equation itself. We show that if the coupling is zero, then the system at hand is reduced to the Burgers equation w.r.t. a new field that depends on initial fermionic and bosonic components. Otherwise, a new Grassmann independent variable is introduced and the fermionic extensions are transformed to the 1. The motivating idea of this research is the problem of a complete description of N = 1 supersymmetric nonlinear scaling-invariant evolutionary equations {f t = φ f , b t = φ b } that admit infinitely many local symmetries proliferated by recursion operators; here b(x, t, θ) is the bosonic super-field and f (x, t, θ) is the fermionic super-field. We denote by θ the super-variable and we put D ≡ D θ + θ D x such that D 2 = D x and [D, D] = 2D x ; here D θ and D x are the derivatives w.r.t. θ and x, respectively (fortunately, the derivative D θ is met very seldom in the text, hence no confusion with the operator D occurs). The following axioms suggested by V. V. Sokolov and A. S. Sorin were postulated:
(1) each equation admits at least one higher symmetry fs bs ; (2) all equations are translation invariant and do not depend on the time t explicitly; (3) none of the evolution equations involves only one field and hence none of the r.h.s. vanishes; (4) at least one of the right-hand sides in either the evolution equation or its symmetry is nonlinear;
(5) at least one equation in a system or at least one component of its symmetry contains a fermionic field or the super-derivative D; (6) the time t and the parameters s along the integral trajectories of the symmetry fields are even variables (that is, the parities of b and b t or b s coincide, as well as the parities of f , f t , and f s ); (7) the equations are scaling invariant: their right-hand sides are differential polynomials homogeneous w.r.t. a set of (half-)integer weights [θ] ≡ − Axiom 8 for N ≥ 2 supersymmetric equations that satisfy the above axioms is further described on p. 14. If a particular equation under study admits symmetry flows with an odd 'time,' then we use the notations and the parities of fs, bs are opposite to the parities of f and b, respectively. Remark 1. From axiom 5 it follows that the admissible systems are either fermionic extensions of bosonic systems, or they are N ≥ 1 supersymmetric super-field equations and the derivations D are present explicitly. For instance, the superKdV equation (2) by Manin and Radul [15, 16] The first version of the Reduce package SsTools by T. Wolf and W. Neun for super-calculus allowed to do symmetry investigations of supersymmetric equations. It was used for finding scalar fermionic and bosonic super-field and N = 1 supersymmetric equations, and for description of coupled fermion+fermion, fermion+boson, and boson+boson evolutionary systems that satisfy the above axioms; a number of N = 2 scalar evolution PDE were also found. The bounds 0
were used. The experimental database [27] contains 1830 equations (the duplication of PDE that appeared owing to possible non-uniqueness of the weights is now eliminated) and their 4153 symmetries (plus the translations along x and t, and plus the scalings whose number is in fact infinite).
Remark 2. Axiom 7 together with axiom 3 are very restrictive. Indeed, a class of integrable systems that do not satisfy these two assumptions is provided by the Gardner's deformations, see [18] and [6, 12] . Extended N = 1 superKdV ε equation (3) and Eq. (27) on p. 16 give two examples; many other completely integrable extended systems are found in loc. cit. We emphasize that no scaling invariance can be recognized for the Gardner's extended systems if non-zero values of the deformation parameters ε are fixed. The scaling invariance is restored if the weights of the parameters are assumed non-zero: one has [ε] = −1 for Eq. (3) and [ε] = −3 for system (27) . Hence we conclude that a classification (see [24] and references therein) of the 'symmetry integrable' homogeneous evolution equations may be incomplete, providing only zero order terms of the deformations in ε.
Also, we note that the symmetry integrability approach, which was used to fill in the database [27] , has revealed a number of systems whose integrability in any sense remains an open problem. For example, supersymmetric equation (33) admits four symmetries, but this knowledge can hardly contribute to contructing a solution of the system at hand.
Equations (3) and (33) demonstrate that the database [27] with supersymmetric and coupled boson+fermion systems is not exhaustive and, simultaneously, it may contain equations whose complete or Lax integrability is uncertain.
2.
The classical integrable supersymmetric evolutionary systems as well as their generalizations and reductions are present in the database.
Example 1 (N = 1 superKdV [15, 16] ). Let N = 1 and let the weight of the bosonic super-field b(x, t, θ) be [b] = 1; further, let [t] = −3. Now we scan the cell which is assigned to these weights and which is filled in by the runs of SsTools. Then we get the potential N = 1 superKdV equation
Indeed, put f (x, t; θ) = Db; then f is the fermionic super-field of weight
satisfying the superKdV equation ( [15, 16] , see also [5] and [9, Ch. 6])
The potential super-field equation (1) admits two conserved densities
2 , which are nonlocal w.r.t. equation (2); also, potential equation (1) inherits infinitely many fermionic conservation laws from superKdV equation (2) . The local conserved densities for (2) are obtained by inverting the Miura transformation (see [18, 12] ) f = χ + εχ x − ε 2 χDχ from the Gardner's extended N = 1 superKdV ε equation [16, 17] 
Recently in [1] it has been observed that the bosonic non-local conserved densities for (1) and (2) are obtained using an appropriate change of coordinates in the potential superKdV ε equation, namely, by introducing the bosonic super-field φ(x, t, θ; ε) such that χ = Dφ. Note that the evolution equation for φ is not in the form of a conserved current,
Nevertheless, put ψ(x, t, θ; ε) = exp(εφ). Then ψ(x, t, θ; ε) satisfies the equation
Potential extended superKdV ε equation (4 ′ ) was implicitly described in [1] . We note that Eq. (4 ′ ) is singular in the deformation parameter ε. This is rather unusual with respect to the common practice (see [12] and references therein), although singular transformations did appear [11] in the context of ε-parametric families of integrable equations.
The Taylor coefficients ψ n of the standard decomposition ψ = +∞ n=1 ε n · ψ n [f ] are the required [17] nonlocal conserved densities for (2) . The transformation f = f [ψ] defines the recurrence relation upon them, and the initial condition is ψ 1 = b. Hence we obtain
The new densities ρ n , n ≥ 3 are still non-local w.r.t. potential superKdV equation (1).
3. Now we describe three analogues of superKdV equation (2) . These fermionic superfield equations are homogeneous w.r.t. the same weights as (2) , and they admit infinitely many higher symmetries proliferated by weakly non-local [2, 22] and [t] = −3 be fixed. Then we obtain four evolutionary supersymmetric equations (namely, (2) and (5a,b,c)) that admit higher symmetries f s = φ under the assumption [s] ≥ −5. The superKdV equation, see (2) , is the first in this list. We also get the equation
(5a)
The recursion operator for Eq. (5a) is constructed in Example 2 on p. 7. Third, we obtain the two-parametric dispersionless analogue of Eq. (2):
A computation by Yu. Naumov (Ivanovo State Power University) using SsTools demonstrates that Eq. (5b) admits the weakly non-local recursion operator
and two infinite sequences of symmetries that start from the translations f x and f t . and such that a scalar equation w.r.t. φ or β holds (there is no contradiction with the diagonality assumption because the weights may not be uniquely defined).
We do not expose now the complete list of supersymmetric boson+fermion systems that satisfy the axioms on p. of the time t is half the weight of the spatial variable x (that is, the equations precede the translation invariance). It turned out that these five equations exhibit practically the whole variety of properties that superPDE of mathematical physics possess. Let us briefly summarize these features.
Three of the five evolutionary systems are given through
The equations differ by the values α = 1, 2, 4 of the coefficient and demonstrate different geometrical properties. The geometry of the α = 2 system is quite extensive: this system admits a continuous sequence of symmetries for all (half-)integer weights
, a sequence of symmetries such that the parities of the dependent variables are opposite to the parities of their flows, four local recursions (one is nilpotent), and three local super-recursions. The equation for α = 1 admits fewer structures, and the case α = 4 for Eq. (7) is rather poor.
Another equation
. Equation (8) requires introduction of two layers of nonlocalities assigned to (non)local conservation laws. Four nonlocal recursion operators with nonlocal coefficients are then constructed for Eq. (8) . The properties of systems (7, 8) are considered in details in the succeeding paper [7] .
The fifth system we mention is a super-field representation of the Burgers equation, see (11) ; this system is C-integrable by using the Cole-Hopf substitution. We investigate its properties in Sec. 2.
Recursion operators and recurrence relations
In this section we describe two principally different mechanisms for proliferation of symmetries of a PDE.
1.1. Differential recursion operators. We consider the (nonlocal) differential recursion operators first. The standard approach [5, 9] to recursion operators is regarding them as symmetries of the linearized equations. The essence of the method is the following. The 'phantom variables' (the Cartan forms) that satisfy the linearized equation are assigned to all the dependent variables in an equation E; one may think that the internal structure of the symmetries is discarded and the (nonlocal) phantom variables imitate the (resp., nonlocal components of) symmetries for E. In what follows, the capital letters F , B, etc. denote the variables associated with the fields f , b, respectively. Then any image R = R(ϕ) of a linear operator R that maps symmetries ϕ = {f s = F , b s = B} of E to symmetries again is linear w.r.t. the right-hand sides F , B. One easily checks that R is then the r.h.s. of a symmetry flow
for the linearized equation Lin(E). If the initial equation E is evolutionary, then the phantom variables satisfy the well-known relations
that hold by virtue ( . =) of the equations E and Lin(E). The method is reproduced literally in presence of nonlocalities w whose flows W are described by the corresponding components of nonlocal symmetriesφ = (f s = F , b s = B, w s = W ). The recursion operators are then defined by the triplesR = (F s R , B s R , W s R ) and generate sequences of nonlocal symmetries. See [5, 9] for many examples.
We finally recall that not each symmetry ϕ can be extended to a nonlocal flowφ if the set {w} of nonlocalities is already defined and, analogously, not all the pairs R = (F s R , B s R ) generate a true recursionR. The pairs R are therefore called shadows [9] of nonlocal recursion operators. The shadows are usually sufficient for standard purposes if they describe the operators that map the local components of the flows and whose coefficients are also local. Hence in what follows we always set W s R = 0 (that is, we do not find the flows W s R that commute with the evolution W t determined by the original system E and differential substitutions for w). Also, we describe the Cartan forms R rather than the differential operators R, and we use the term 'recursions' instead of the rigorous 'shadows of the generating Cartan forms for nonlocal recursion operators.' Remark 4. The recursion operators considered in this paper are weakly non-local, see [2, 14] . Hence one can readily prove the locality of symmetry sequences generated by these recursions by using a supersymmetric version of the results in [22] . In the sequel, we use another method for the proof of locality. Namely, in Sec. 3.1.1 we construct a Gardner's integrable deformation [18, 6, 12] and thus we obtain local Hamiltonian functionals, whence we deduce the locality of the corresponding symmetry flows.
We finally note that a similar method of 'phantom variables' is applied for finding Hamiltonian and symplectic structures for PDE, see [4] . The (nonlocal) Hamiltonian structures for supersymmetrizations (32a), (33) are not extensively studied in this paper. The SsTools package is applicable for this investigation as is, since the theory is now transformed to standard algorithms of symmetry analysis.
Example 2. Consider analogue (5a) of the superKdV equation (2) . We introduce the bosonic nonlocality v of weight [v] = 1 such that Dv = f and the fermionic nonlocality w such that [w] = 7 2 and Dw = (Df ) 2 . In this setting, we obtain the recursion
The above solution generates the sequence f x → f t → . . . of symmetries for Eq. (5a). The sequence starts with the translation along x and next contains the equation itself. Next, we consider Eq. (5b) and introduce two bosonic nonlocal variables v and w such that Dv = f and Dw = f Df . Then we obtain the nonlocal recursion
The corresponding operator R is present in (6) on p. 5.
Finally, Eq. (5c) is obviously a continuity relation. Therefore, we let v be the bosonic variable such that Dv = f ; hence we obtain the recursion . The list of solutions will incorporate the known recursion and, possibly, other operators. Generally, their weights will be different from the weight of the original recursion w.r.t. the initial set. Hence we repeat the reasonings for each new operator and thus select the weights [s R ] such that nontrivial recursions exist. This method is a serious instrument for the control of calculations and elimination of errors. We used it while testing the second version of the SsTools package [8] .
The second version of SsTools allows to reduce the search for nonlocal recursion operators to solving large overdetermined systems of nonlinear algebraic equations for the undetermined coefficients which are present in the weight-homogeneous ansatz for F s R , B s R . The algebraic systems are then solved using the program Crack [26] . The nonlocal variables, which are assigned to conservation laws if N ≤ 1, were also obtained by SsTools straightforwardly using the weight homogeneity assumptions.
Remark 6. The weights of the nonlocal variables constructed by using conserved currents for PDE are defined by obvious rules. Clearly, if the weight for a bosonic nonlocality is zero, then further assumptions about the maximal power of this variable in any ansatz should be made. Within this research we observed that the weights of the new super-fields necessary for constructing the recursions are never negative.
Recurrence relations.
Consider an evolution equation E = {u t = φ} and let there be a differential function q[f, b] of weight zero w.r.t. an admissible set of weights for E. Suppose further that the flow u s n = q n · φ is a symmetry of E for any n ∈ N; in a typical situation all the flows ϕ n = u s n commute with each other. Then, instead of an infinite sequence ϕ n we have just one right-hand side u s = Q(q) · φ of fixed differential order and weight [φ]; here Q is an arbitrary analytic function. In this case, we say that the sequence of the Taylor monomials ϕ n is generated by a recurrence relation.
We note that the multiplication by q can be a zero-order recursion operator R = q for the whole symmetry algebra sym E, otherwise the recurrence relation ϕ n+1 = q · ϕ n generates the symmetries of E for the fixed 'seed' flows ϕ 0 . The systems that admit recurrence relations for their symmetries can possess differential recursion operators as well.
Example 3. Consider the family of supersymmetric systems
here α ∈ R is arbitrary. We see that Eq. (9) 
commute for all Qs and any constant α. Nevertheless, the operator ( b 0 0 b ) is not a recursion for Eq. (9) because it does not map an arbitrary symmetry to a symmetry.
Further, let α = 1. The system
admits the local zero-order recursions
An infinite number of local recursion operators for Eq. (9a) is obtained by multiplication of R 1 by b n , n ∈ N. The recursions R 1 and R 3 are nilpotent:
4 . If α = −1, then Eq. (9) also admits infinitely many symmetries that do not originate from any recurrence relation because their differential orders grow.
The recurrence relation ϕ n+1 (ϕ n , q, n) can depend explicitly on the subscript n; then the generators of commuting flows contain the free functional parameters Q(q), Q ′ (q), etc.
Example 4. The flows
commute for arbitrary functions Q(b) and constants α, β, γ, δ ∈ R. Indeed, for any Q(b) and S(b) we have
The flows defined in (10) are also translation and scaling invariant.
In the sequel, we investigate the systems that are located on the diagonal [f ] = [b] and admit infinite sequences of (commuting) symmetries generated by recursion operators; we also analyze generalizations of these equations and properties of the new systems. The supersymmetric equations whose symmetries are proliferated by the recurrence relations are not discussed in this paper.
The Burgers equation
In this section we investigate three systems related with the Burgers equation. 
There is a unique set of weights
, [x] = −1 in this case. Hence we conclude that the above system precedes the invariance w.r.t. the translation along x. Equation (11) of the odd 'time's.
System (11) is obviously reduced to the bosonic super-field Burgers equation
We emphasize that the role of the independent coordinates x and t is reversed w.r.t. the standard interpretation of t as the time and x as the spatial variable. The Cole-Hopf substitution b = −u −1 u t from the heat equation
provides the solution for the bosonic component of (11) . Further, we introduce the bosonic nonlocality w(x, t, θ) of weight [w] = 0 by specifying its derivatives,
the variable w is a potential for both fields f and b. The nonlocality satisfies the potential Burgers equation w x = w tt + w 2 t such that the formula w = ln u gives the solution; the relation f = −Dw determines the fermionic component in system (11) . Now we extend the set of dependent variables f , b, and w by the symmetry generators F , B, and W that satisfy the respective linearized relations upon the flows of the initial super-fields. In this setting, we obtain the recursion
The above recursion R is weakly non-local [2, 14] , that is, each nonlocality D −1 is preceded with a (shadow [9] of a nonlocal) symmetry ϕ α and is followed by the gradient ψ α of a conservation law: R = local part+ α ϕ α ·D −1 •ψ α . From [2] it follows that this property is satisfied by all recursion operators which are constructed using one layer of the nonlocal variables assigned to conservation laws. The weak non-nocality of recursion operators is essentially used in the proof of locality of the symmetry hierarchies they generate, see [22] and Remark 4 on p. 7.
Recursion (13) generates two sequences of higher symmetries for system (11):
The same recursion (13) produces two infinite sequences of symmetries with the odd parameterss for the Burgers equation: (20), acts 'across' the two sequences in (14) and maps (f t , b t ) → (f x , b x ) ; again, we note that the independent coordinates in (12) are reversed w.r.t. (19) . Surprisingly, the flow that succeeds the translation along x in (14) reappears in (17) .
However, from the above reasonings we profit two sequences of symmetries (15), which are not reduced to the bosonic (x, t)-independent symmetries [10, §8.2] of the Burgers equation. We finally recall that the Burgers equation (12) has infinitely many higher symmetries that depend explicitly on the base coordinates x, t but exceed the set of axioms on p. 2.
Supersymmetric extension of the Burgers equation.
The fermionic extension of the Burgers equation,
is a unique extension of the Burgers equation that admits higher symmetries and which was found by using SsTools. It must be noted that Eq. (16) contains the unknowns f (x, t), b(x, t), and hence apparently it has nothing to do with a super symmetry. System (16) In what follows, we distinguish the two cases: α = 0 and α ∈ R \ {0} in Eq. (16) . We claim that the algebraic properties of corresponding extensions (16) for the Burgers equation are then different. Indeed, system (16) is triangular if the coupling constant α equals zero, see Remark 8 below.
The fermionic component in (16) is linear w.r.t. the field f (x, t), and hence the superposition principle is valid for it. The quantity
is an integral of motion for (16) . The fermionic variable w(x, t) is assigned to the conserved current D t (f ) = D x (f x + bf ): we set w x = f such that w · w = 0 and [w] = 0.
Remark 8. System (16) models an unusual physical phenomenon. Assume that at any point x ∈ R there are two types of a physical value, the bosonic field with density b(x, t) and the "invisible" fermionic field with density w(x, t), and let the dynamics of these two fields be described by system (16) (or Eq. (17) b(x, t) dx to change. Indeed, this quantity is no longer conserved unless w(x, t) = const or, generally, unless the condition +∞ −∞ w xx (x, t)w x (x, t) dx = const holds for all t > 0. We see that the reaction of the fermionic component on the bosonic field depends on the incline w x = f and curvature w xx = f x but not on the density w(x, t). (16): α = 0. Let us suppose that α = 0. Then from (16) we obtain the system
Trivial coupling in
System (17) appeared in [23] and [25] in a different context: both fields w(x, t) and b(x, t) were regarded as bosonic, and then Bäcklund autotransformations [25] and the linearizing substitutions [23] were constructed. In Remark 7 we noted that the twocomponent bosonic system (17) originates from a flow in (14) . The field w(x, t) was recognized as fermionic in [3] , where the Painlevé properties of (17) and related systems were investigated. In what follows, the field w(x, t) is a fermionic dependent variable.
Remark 9. The bosonic component b(x, t) in (17) is linearized by the Cole-Hopf substitution
where the function q(x, t) is a solution of the heat equation q t = q xx . From (18) it follows that the Burgers equation is the factor of the heat equation w.r.t. its scaling symmetry. This scheme is of general nature and can be used for constructing new equations from homogeneous systems. In this paper we do not investigate the relation between the scaling invariance of superPDE and their factorizations w.r.t. the scaling symmetries, and we do not study the physical significance of these projectivizations and of the new equations. Now we reduce (16) for α = 0 to one scalar equation w.r.t. a new field which is constructed as follows. Let ϑ be the new independent variable such that
• its square vanishes, ϑ · ϑ = 0;
• the variable ϑ anticommutes with the fermionic field f and its derivatives with respect to x; • the weight of ϑ is zero, 
Equation (19) has the well-known recursion operator
The recursion operators for the left-and right-noncommutative ⋆-Burgers equations have been obtained by M. Gürses and A. Karasu (private communication). Let us construct an analogue of recursion (20) for system (16) if the coupling is α = 0. First we introduce the bosonic nonlocality v(x, t) of weight zero by setting v x = b. The potentials v and w satisfy the system
Next, we make a technical assumption that the bosonic variables v and V of zero weight appear in the recursion for (16) at most linearly. Then we find out that in this setting there are two recursion operators of weight 1. The first operator,
is the direct extension of twice the recursion (20) for Eq. (19) . Simultaneously, we obtain the shadow recursion with nonlocal coefficients,
Its differential order is 1; this recursion is not nilpotent. (16): α ∈ R. In this subsection we consider the case of an arbitrary non-zero real constant α in system (16) . In view of the preceding subsection, we introduce the variable ϑ of weight zero that anticommutes with the fermionic field f and its derivatives w.r.t. x and such that
Arbitrary coupling in
• ϑ · ϑ = α, that is, the square of ϑ is now non-zero. We emphasize that ϑ is not an ordinary complex number whose square could easily be zero, negative, or positive (and ϑ would therefore be zero, imaginary, or negative, respectively).
Again, we set u = b + ϑf ; the field u(x, t; ϑ) is homogeneous of weight 1. Moreover, it satisfies the Burgers equation
but now Eq. (19 ′ ) is an equation on the associative algebra generated by u and its derivatives w.r.t. x. This is because
unless ϑ · ϑ = 0. The geometry of equations on associative algebras has been studied recently, see [20] , by using standard notions and computational algorithms. Obviously, the fermionic nonlocality w such that w x = f is indifferent w.r.t. the value of the coupling constant α. We find out that system (16) always admits the conservation law that potentiates the bosonic variable b. We thus set
The weight of the nonlocalityṽ is zero. Surprisingly, the variableṽ satisfies the same potential Burgers equation as the nonlocality v, see Eq. (21),
We conclude that Eq. (21 ′ ) potentiates system (16) for all α = ϑ · ϑ, although the algebraic nature of the Burgers equation (19) w.r.t. the field u = b + ϑf is radically different from Eq. (19 ′ ) that describes the Burgers flow on the associative algebra. In the nonlocal setting {f, w} + {b,ṽ} there are two generalizations of recursion (20) . The first recursion of weight 1 for Eq. (11) is
here we underline the component that corresponds to (20) . The second extension of weight 1 is wf Bα.
Remark 10. In the previous reasonings we treated system (16) as an N = 0 equation that involves the fermionic field but does not contain the super-derivative D. Now we enlarge the (x, t, f, b) jet space with the anticommuting independent variable θ and the derivatives of f and b w.r.t. θ. We have D 2 = D x , and the unknown functions become the super-fields f (x, t, θ) and b(x, t, θ). Physically speaking, we permit the consideration of conservation laws at half-integer weights for (16) and (21 ′ ). We discover that there are many nonlocal conservation laws for Eq. (16); for example, we obtain the 'square roots' of the variablesṽ and w. We conjecture that there are infinitely many N = 1 conservation laws for Eq. (11) . Also, there are many recursions that involve the nonlocalities assigned to the new conservation laws and which are nilpotent if α = 0. This situation is analogous to the scheme that generates non-local Hamiltonians for the N = 1 superKdV equation (2) 
. ., N, occurs at least once in the r.h.s. of the evolutionary system if N ≥ 2. In the database [27] there is a scalar, third order N = 2 supersymmetrization of the Burgers equation; it is
Equation (22) is reduced to the second order Burgers super-field equation
. Let us expand the super-field b(x, t; θ 1 , θ 2 ) in θ 1 and θ 2 :
Hence from Eq. (22) we obtain the system for the components of b:
We see that the second and third equations in system (22 ′ ) are Burgers-type, that is, they contain the dissipative terms and the remaining parts are total derivatives. The fourth equation in (22 ′ ) describing the evolution of γ is of KdV-type: the dispersion and two divergent terms are present in it.
The KdV nature of the N = 2 supersymmetric Burgers equation (22) is not occasional. Indeed, Eq. (22) is a symmetry of the N = 2 supersymmetric SKdV 4 equation [13] b
Reciprocally, the SKdV 4 equation (23) is a higher symmetry of the Burgers equation (22) , and their bi-Hamiltonian hierarchy is of the form
The two equations share the recursion operator [13, 17] . It must be noted that the relation between the Mathieu's N = 2 SKdV 4 equation and the N = 2 Burgers system was not indicated in loc. cit.
The Boussinesq equation
In this section we describe a super-field representation of the dispersionless Boussinesq equation; the system at hand admits two infinite sequences of commuting symmetries of constant differential order 2 which are generated by a weakly non-local recursion operator of differential order 1. Also, we extend the Boussinesq system with dispersion and dissipation to its three-parametric analogue that does not retract to it for any values of the parameters.
3.1. The dispersionless Boussinesq equation. We consider the two-component system
System (24) is a super-representation of the dispersionless Boussinesq equation
here b(x, t, θ) is the bosonic super-field. In what follows, we construct a Gardner's deformation for the hydrodynamic representation of the dispersionless Boussinesq equation (25) . Next, we transmit the properties of Hamiltonian symmetries for Eq. (25) onto its supersymmetric representation (24).
3.1.1. The Gardner's deformation of the dispersionless Boussinesq equation. The bosonic two-component form of (25) is
Here we obviously have c(x, t; θ) = Df (x, t; θ). System (26) is a super-field equation of hydrodynamic type.
Remark 11. Consider the dispersionless Boussinesq equation (26) with b(x, t) and c(x, t).
The number of independent variables in it coincides with the number of unknown functions and equals two. Therefore, the system at hand is linearized [21] by using the hodograph transformation b(x, t), c(x, t) → x(b, c), t(b, c). Indeed, we obtain the linear autonomous system
here c is the new time and b is the new spatial variable. The solution of the hydrodynamic type system (26 ′ ) is expressed using the Airy function. Now we construct a Gardner's deformation [6, 12, 18] for system (26) . We have
where the density of the Hamiltonian H is H = 1 6
We proceed with a deformation w
of Eq. (26 ′′ ). We assume that the deformations of the dependent variables are
and we extend the Hamiltonian functional such that its density is
We also expand the fields w 1 (x, t; ε) and w 2 (x, t; ε) in ε:
Recall that equation (26) is in divergent form. Therefore, the Taylor coefficients w i k are termwise conserved, and from (28a) we get the initial conditions w Now we truncate expansions (28a), (28b) to polynomials of sufficiently large degrees. By using the homogeneity reasonings, in view of [ε] = −3, we then reduce the deformation problem to an algebraic system for the undetermined coefficients in these expansions. We solve the algebraic system by using the program Crack [26] and finally obtain the deformation The initial terms in the two sequences of the conserved densities are 
Taking into account that the Hamiltonian operator 0 Dx Dx 0 maps gradients of conservation laws for Eq. (26) to its symmetries, see [9] , we thus conclude that (29) describes two infinite sequences of Hamiltonians for (26) . They determine infinitely many contact symmetry flows, which are local w.r.t. b and c. Moreover, each flow lies in the image of D x by construction, and hence they induce local symmetry transformations of the super-variable f (x, t; θ) such that c = Df . We emphasize that we did not even need a recursion operator for (26) to obtain the contact symmetry flows and prove their locality.
By definition, put c = Df . Then from (32a) we get the bosonic Boussinesq system (see, e.g., [6, 12, 19] ) c t = bb x + b xxx − αc xx , b t = c x + αb xx , α ∈ R.
The two systems (32) The boson+fermion super-field representations (11), (24) , and (32) for the Burgers and Boussinesq equations are remarkable by themselves. Indeed, the roles of the independent variables x and t are swapped in system (11): x is the time and t is the spatial coordinate in Eq. (12) . The dispersionless Boussinesq system (24) admits two recursive sequences (30) of Hamiltonian symmetries whose differential orders is constant, while the differential order of nonlocal recursion (31) is strictly positive. The Boussinesq-type system (33) is multi-parametric and contains the Boussinesq equation with dispersion as a component but can not be reduced to it at any values of the parameters. We finally note that all the Boussinesq-type systems (24) , (32a), (33), as well as representation (11) for the Burgers equation, do not have bosonic limits at f ≡ 0.
Using fermionic extension (16) of the Burgers equation, we conclude that the 'direct N ≥ 1 supersymmetrization' [16] based on replacing the derivatives with superderivatives in a PDE is not a unique way to obtain its generalizations. Indeed, the new systems can contain the fermionic fields but no super-derivatives. Hence we indicate three possible types of these generalizations.
(1) The new super-fields combine the old fields with the new added components and satisfy manifestly N ≥ 1 supersymmetric equations, see the superKdV equation (2), for example. (2) The evolution of new fermionic fields f (x, t) is coupled with the original equation, see (16) . Then, new independent (Grassmann, or super-)variables ϑ are introduced such that the extended system is reduced to a smaller equation. The geometric structures of the extension are then inherited from the final system by routine expansions in the new variables ϑ, see (19) . (3) Similarly to the previous case, the new field is constructed by using a new independent variable that anticommutes with the fermionic function but not with itself. Then the resulting system is an evolution equation on an associative algebra [20] , see Eq. (19 ′ ) on p. 13.
We conclude that the equations on associative algebras present a nontrivial way to generalize coupled fermion+boson systems.
